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Abstract
In this paper we illustrate the use of the results from [1] proving that D(4)-triple {a, b, c}
with a < b < a + 57
√
a has a unique extension to a quadruple with a larger element. This
furthermore implies that D(4)-pair {a, b} cannot be extended to a quintuple if a < b <
a+ 57
√
a.
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1 Introduction
Let n be a nonzero integer. The set {a1, a2, . . . , am} ofm positive integers is called a Diophantine
m-tuple with the property D(n) or simply D(n)-m-tuple if aiaj + 1 is a perfect square for all
i, j with 1 ≤ i < j ≤ m.
The problem of finding such sets has a long and rich history. Reader should visit the web-
page [4] to find all problems on this topic. More precisely, that includes problems which have
been solved over the years, open problems, conjectures, methods used in solving those problems
with their improvement in recent years and all the references.
In the case n = 4 there is a conjecture [5] that there does not exist a D(4)-quintuple.
Actually, the conjecture is that if {a, b, c, d} is a D(4)-quadruple with a < b < c < d, then
d = d+ = a+ b+ c+
1
2
(abc+ rst) ,
where r, s and t are positive integers defined by r2 = ab+ 4, s2 = ac+ 4 and t2 = bc+ 4. From
now on, r, s and t will always be defined in such a way. If {a, b, c, d} is a D(4)-quadruple with
a < b < c < d, and d = d+, we call such quadruple a regular one. The conjecture also implies
that all D(4)-quadruples are regular. We also define
d− = a+ b+ c+
1
2
(abc− rst) .
If d− 6= 0, the set {a, b, d−, c} is a regular D(4)-quadruple with d− < c.
In recent years the author [7] proved that there does not exist a D(4)-sextuple and that there
are only finitely many quintuples. He furthermore [8] proved that irregular quadruple cannot
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be extended to a quintuple with a larger element and, very recently, together with Bac´ic´ [3] he
proved that there are at most 7 · 1036 D(4)-quintuples which is the best known bound for now.
In this paper we show the important use of the results from [1] which is the main intention
of this paper. If {a, b} is a D(4)-pair with a < b < a+57√a, we know firstly from [1, Lemma 3]
that we have to consider only the case when b > 104, which implies a < b < 2a. Then, from [1,
Lemma 1] we know how to generate all possible c’s in D(4)-triple {a, b, c}. Precisely, we have
c = c±ν where
c+0 = 0, c
+
1 = a+ b+ 2r, c
+
ν+2 = (ab+ 2)c
+
ν+1 − c+ν + 2(a+ b),
c−0 = 0, c
−
1 = a+ b− 2r, c−ν+2 = (ab+ 2)c−ν+1 − c−ν + 2(a+ b).
And finally, in [1, Theorem 1] we proved that if {a, b, c} is D(4)-triple with a < b < 2a and
{a, b, c, d} D(4)-quadruple with d > d+ and if there does not exist a D(4)-quadruple {a, b, c′, c}
with 0 < c′ < d−, then c < b
6.
The assumption that there does not exist a D(4)-quadruple {a, b, c′, c} with 0 < c < d− is
not as restrictive as it might seem to be, because we know exactly which c’s we have to consider
and how those elements are ordered, so we will later check that this assumption is satisfied
starting with the smallest possible c.
Our main results is the following Theorem.
Theorem 1.1. If {a, b, c, d} is a D(4)-quadruple with a < b < a+57√a and c < d, then d = d+.
It obviously implies the following Corollary.
Corollary 1.2. The D(4)-pair {a, b} with a < b < a+57√a cannot be extended to a quintuple.
In the proof of Theorem we use standard methods, i.e. transforming the problem of the
extension of D(4)-triple into the finding of the intersection of binary recurrence sequences which
is then solved using congruence method together with Baker’s theory of linear forms in loga-
rithms, and in the end we do Baker-Davenport reduction method based on continued fractions.
Let us mention that analogous result in the case of D(1)-m-tuples was very recently proved in
[9]. In the end we discuss if this method can work in other cases too. Also, the important fact
is that we use the linear forms in two logarithms instead in three which gives us much better
bounds. However, for this method to be used, it is necessary that the elements a and b are near
to each other other and, therefore, it cannot be used in general. That method was already used
in several papers and was firstly introduced in [11].
2 Preliminaries
Let {a, b, c} be a D(4)-triple with a < b < 57√a. As we mentioned in the last Section, we have
to consider only what is happening with c < b6. It is easy to check that c+4 > b
6, so we have
to consider only c = c−1 , c
+
1 , c
−
2 , c
+
2 , c
−
3 , c
+
3 , c
−
4 . We can also from now on assume that there does
not exist a D(4)-quadruple {a, b, c′, c} with 0 < c′ < d− because if we prove that we can have
only the known extensions to a quadruple (with d = d±), for c ≤ c−4 , we prove that assumption
is valid for all c’s combining it with the proof of [1, Theorem 1].
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Let now {a, b, c, d} be a D(4)-quadruple with max{a, b, c} < d. Then, there exist positive
integers x, y, z such that ad + 4 = x2, bd + 4 = y2, cd + 4 = z2. Eliminating d from these
relations, we get
ay2 − bx2 = 4(a− b), (2.1)
az2 − cx2 = 4(a− c), (2.2)
bz2 − cy2 = 4(b− c). (2.3)
Since a < b < a + 57
√
a, [1, Lemma 1] implies that the positive solutions of the equation (2.1)
are given by
y
√
a+ x
√
b = (±2√a+ 2
√
b)
(
r +
√
ab
2
)l
(2.4)
with some non-negative integer l. So we have x = pl, y = Vl, where
p0 = 2, p1 = r ± a, pl+2 = rpl+1 − pl, (2.5)
V0 = ±2, V1 = b± r, Vl+2 = rVl+1 − Vl. (2.6)
Furthermore, by [6, Lemma 1] all positive solutions of the equations (2.2) and (2.3) are given by
z
√
a+ x
√
c = (z0
√
a+ x0
√
c)
(
s+
√
ac
2
)m
, (2.7)
z
√
b+ y
√
c = (z1
√
b+ y1
√
c)
(
t+
√
bc
2
)n
, (2.8)
where m,n are non-negative integers, and (z0, x0), (z1, y1) are fundamental solutions of (2.2)
and (2.3) respectively. Moreover, we have the following estimates for the fundamental solutions
2 ≤x0 <
√
s+ 2, 2 ≤ |z0| <
√
c
√
c√
a
, (2.9)
2 ≤ y1 <
√
t+ 2, 2 ≤ |z1| <
√
c
√
c√
b
, (2.10)
if c > b. In the case where c < b, which in our case also implies c < a, positive solutions of the
equations (2.2) and (2.3) are given by (2.7) and (2.8) with the estimates
2 ≤ z0 <
√
s+ 2, 2 ≤ |x0| <
√
a
√
a√
c
, (2.11)
2 ≤ z1 <
√
t+ 2, 2 ≤ |y1| <
√
b
√
b√
c
. (2.12)
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However, in all cases, we have z = vm = wn, where
v0 = z0, v1 =
1
2
(sz0 + cx0) , vm+2 = svm+1 − vm,
w0 = z1, w1 =
1
2
(tz1 + cy1) , vn+2 = twn+1 − wn. (2.13)
If necessary, we will also consider x = qm and y = Wn, where
q0 = x0, q1 =
1
2
(sx0 + az0) , qm+2 = sqm+1 − qm, (2.14)
W0 = y1, W1 =
1
2
(ty1 + bz1) , Wn+2 = tWn+1 −Wn. (2.15)
In the next Lemma we will compute the initial values of the given sequences.
Lemma 2.1. (1) If c = c−1 , we have v2m+1 6= w2n, v2m 6= w2n+1 and v2m+1 6= w2n+1. More-
over, if v2m = w2n, then z0 = z1 = 2.
(2) If c = c+1 , we have v2m+1 6= w2n, v2m 6= w2n+1 and v2m+1 6= w2n+1. Moreover, if
v2m = w2n, then z0 = z1 and |z0| = 2.
(3) If c ∈ {c−2 , c+2 , c−3 , c+3 , c−4 }, then it is enough to consider the following:
(i) If v2m = w2n, then z0 = z1 and |z0| = 2.
(ii) If v2m+1 = w2n+1, then |z0| = t and |z1| = s with z0z1 > 0.
Proof. The cases (1) and (2) can be proven in the same way as discussion after [10, Lemma 1]
using the estimates (2.9), (2.10), (2.11) and (2.12) together with [6, Lemma 1]. It implies right
away the statement (2), while in (1) it implies y1 = ±2. Then, we conclude z1 = 2. To get
z0 = 2 we have to prove that x0 = 2 which follows from x = pl = qm considering congruences
modulo a and noticing that it would give us x0 = 2 or r−a = 2. The latter implies b = a+4, the
case which was solved completely in [2] considering the extension of D(4)-pairs {k − 2, k + 2}.
The case (3) can be proven the same way as [1, Lemma 2].
The following Lemma can be proven easily.
Lemma 2.2. If vm′ = wn′ has a solution with n
′ ≥ 3, then m′ > n′.
Note that last Lemma implies m′ − n′ ≥ 2.
3 Linear forms in logarithms
Now using standard method in linear forms in logarithms we can prove that if c ∈ {c+1 , c−2 , c+2 , c−3 , c+3 , c−4 }
and vm′ = wn′ , then
0 < Λ < α2−2m
′
1 , (3.1)
4
where
Λ = m′ logα1 − n′ logα2 + log µ
and
α1 =
s+
√
ac
2
, α2 =
t+
√
bc
2
, µ =
√
b(x0
√
c+ z0
√
a)√
a(y1
√
c+ z1
√
b)
.
Moreover, if c = c−1 and vm′ = wn′ , then
0 < Λ < α1−2n
′
2 . (3.2)
Remember that we consider only the case a < b < a+ 57
√
a and c ≤ c−4 .
Lemma 3.1. (1) If c = c−1 < a− 4. and vm′ = wn′ has a solution with n′ ≥ 3, then
m′ logα1 − (n′ + 0.001) log α2 < 0.
(2) If c ∈ {c+1 , c−2 , c+2 , c−3 , c+3 , c−4 } and vm′ = wn′ has a solution with n′ ≥ 3, then
(m′ − 0.001) log α1 − n′ log α2 < 0.
Proof. (1) Since b > 104, it implies a ≥ 5700. Then, it is easy to see that µ > 0.99 and
α52 log α2 > 10
4. Then, we conclude from (3.2) that
Λ < α−52 < 0.001 log α2 + log µ,
from which the statement of Lemma follows.
(2) can be proven in the same way.
Lemma 3.2. Let ν ′ = m′ − n′.
(1) If c = c−1 and vm′ = wn′ has a solution with n
′ ≥ 2, then
n′ > 2/57(ν ′ − 0.001)√a log α1 − 0.001.
(2) If c ∈ {c+1 , c−2 , c+2 , c−3 , c+3 , c−4 } and vm′ = wn′ has a solution with n′ ≥ 3, then
n′ > 2/57(ν ′ − 0.001)√a log α1.
Proof. (1) By Lemma 3.1, we have
ν ′ − 0.001
n′ + 0.001
=
m′
n′ + 0.001
− 1 < log α2
log α1
− 1
<
α2 − α1
α1 log α1
<
b− a√
a(
√
a+
√
b) log α1
<
57
2
√
a log α1
,
which proves the inequality.
(2) can be proven similarly using Lemma 3.1.
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We are now ready to give an upper bound for a. To do that we use the important result
from [12]. For any nonzero algebraic number γ of degree d′ over Q,
h(γ) =
1
d′

log |a0|+ d
′∑
j=1
logmax
{
1,
∣∣∣γ(j)∣∣∣}


denotes its absolute logarithmic height, where a0 is the leading coefficient of the minimal poly-
nomial of α over Z and γ(j) are the complex conjugates of γ.
Theorem 3.3. ([12, Corollary of Theorem 2]) Let γ1 and γ2 be multiplicative independent
positive real numbers. For positive integers b1 and b2, define Λ = b1 log γ1 − b2γ2. Put D =
[Q(γ1, γ2) : Q]/[R(γ1, γ2) : R]. Let ρ, κ and ai (i ∈ {1, 2}) be positive real numbers with ρ ≥ 4,
κ = log ρ,
ai ≥ max{1, (ρ − 1) log |γi|+ 2Dh(γi)}
and
a1a2 ≥ max
{
20, 4κ2
}
.
Suppose that h is a real number with
h ≥ max
{
3.5, 1.5κ,D
(
log
(
b1
a2
+
b2
a1
)
+ log κ+ 1.377
)
+ 0.023
}
,
and put χ = h/κ, v = 4χ+ 4 + 1/χ. Then, we have
log |Λ| ≥ −(C0 + 0.06)(κ + h)2a1a2,
where
C0 =
1
κ3


(
2 +
1
2χ(χ+ 1)
)1
3
+
√
1
9
+
4κ
3v
(
1
a1
+
1
a2
)
+
32
√
2(1 + χ)3/2
3v2
√
a1a2




2
.
Proposition 3.4. Let {a, b} be a D(4)-pair with a < b < a+57√a. Let c ∈ {c−1 , c+1 , c−2 , c+2 , c−3 , c+3 , c−4 }.
Suppose that {a, b, c, d} is an irregular D(4)-quadruple for some d. Then a < 6.55 · 1011.
Proof. We apply Theorem 3.3 to our Λ by rewriting the linear form
Λ = log(αν
′
1 µ)− n′ log
(
α2
α1
)
.
So in our case we have
D = 4, b1 = 1, b2 = n
′, γ1 = α
ν′µ, γ2 = α2/α1.
Here we will give only the proof for c = c−1 because other cases can be proven similarly. Also,
from now on, let us assume a > 1010.
Firstly, it is easy to see h(γ2) = h(α2/α1) ≤ h(α2) + h(α1) ≤ logα2.
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In order to estimate h(γ1), we have to bound h(µ). In general, the leading coefficient of the
minimal polynomial of µ over Z divides 16a2(b − c)2. If c = c−1 , then since the absolute values
of conjugates of µ greater than 1 are
√
b(
√
a+
√
c)√
a(
√
b+
√
c)
,
√
b(
√
a+
√
c)√
a(
√
b−√c) ,
we have
h(µ) ≤ 1
4
log
{
a2(b− c)2 · b(
√
a+
√
c)2
a(b− c)
}
<
1
4
log(1.001b4c4) < 2.001 log α2. (3.3)
Then we have
h(γ1) = h(α
ν′
1 µ) ≤ ν ′h(α1) + h(µ) <
(
0.5ν ′ + 2.001
)
logα2.
Now we can take ρ = 5 and a2 = 8.348 log α2. Moreover, if c = c
−
1 , from a > 10
10 we get
c < 400, which implies
µ ≤ 1−
√
c/a
1−
√
c/b
< 1.001,
α2 > 100028.
Then, we have
log µ+ 4.002 log α2 < 4.003 log α2,
which enables us to take
a1 = 8(ν
′ + 2.002) log α2.
From Lemma 3.2 we now have
b1
a2
=
1
8.348 log α2
<
n′(ν ′ + 2.002)
2/57(ν ′ − 0.001)√a log α1 ·
1
8(ν ′ + 2.002) log α2
< 0.001 · b2
a1
.
Then we may take
h = 4 log
(
n′
(ν ′ + 2.002) log α2
)
− 2.306.
If h ≥ 35, then C0 < 0.2411. It follows from (3.2) and Theorem 3.3 that
n′
(ν ′ + 2.002) log α2
< 10.055 ·
(
4 log
(
n′
(ν ′ + 2.002) log α2
)
− 0.696
)2
,
which implies that
n′
(ν ′ + 2.002) log α2
< 14170.
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If h < 35, then it yields
n′
(ν ′ + 2.002) log α2
< 11231 < 14170.
It follows now from Lemma 3.2 that
2/57(ν ′ − 0.001)√a logα1 − 0.001
(ν ′ + 2.002) log α2
< 14170.
Since ν ′ ≥ 2 and
logα1
logα2
> 0.999,
we obtain a < 6.55 · 1011.
4 Concluding remarks
To finish the proof of the main Theorem 1.1, we have to check what is happening with small
values of a, i.e. a < 6.55 · 1011. We do that using the already pretty standard Baker-Davenport
reduction method. However, since the bound for a is very large here, we have to use that
a < b < a+ 57
√
a.
It implies that a < r < a+57/2
√
a or (r−a)2 < 813a. Moreover, since (r−a)2 ≡ 4 (mod a),
we get (r − a)2 = 4, a + 4, 2a + 4, . . . , 812a + 4. So it will give us 3691 parametric families of
D(4)-pairs to consider their extension. The families we get are:
{k2 − 4, k2 + 2k − 3},
{2k2 − 2, 2k2 + 4k},
{3k2 − 2k − 1, 3k2 + 4k},
{3k2 + 2k − 1, 3k2 + 8k + 4},
.
.
.
{812k2 − 4k, 812k2 + 1620k + 808},
{812k2 + 4k, 812k2 + 1628k + 816},
{812k2 − 228k + 16, 812k2 + 1396k + 600},
{812k2 + 228k + 16, 812k2 + 1852k + 1056},
{812k2 − 584k + 105, 812k2 + 1040k + 333},
{812k2 + 584k + 105, 812k2 + 2208k + 1501},
{812k2 − 808k + 201, 812k2 + 816k + 205},
8
{812k2 + 808k + 201, 812k2 + 2432k + 1821}.
For all those families we have a and b fixed, we get an upper bound for k and we know for
which c’s we have to do the reduction. We implement that in Mathematica and get that only
extensions to D(4)-triple {a, b, c} are given by d = 0 and d = d± which finishes the proof of
Theorem 1.1.
Finally, here are some observations. This method would also work if, for example a < b <
178
√
a < 5a, because we also know how c’s which extend that pair are given. However, that
way we would get a larger bound on a but it would also leave us with many more parametric
families to consider and it would take years to make the reduction using today’s computers.
The same method would, at least in theory, also work with a < b < a+ aN if N < 1. But in
general that way we would also get much larger bound for a and we would not be able to find
parametric families of D(4)-pairs which we have to consider. Therefore, to solve the problem
with b < 5a or something similar the new ideas or approaches are needed, at least for proving
strong quintuple conjecture, i.e. that D(4)-triple has a unique extension to a quadruple with a
larger element.
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